We show that the description of D-branes near an orbifold singularity exactly coincides with that of two branes at angles. We use this observation to study string theory on orbifolds, and resolve these singularities. In addition, we consider the compact manifolds with orbifold type singularities and study branes wrapped on these manifolds through the "branes at angles" picture. In this way we present a complete correspondence between compactified branes at angles and string theory on singular complex manifolds. †
Introduction
After the novel work of Polchinski [1] we learned how to realize branes as the objects governing the strong coupling dynamics of string theory in a perturbative framework. Namely, the perturbative string theoretic description of supergravity extended solutions (P -branes)
is given by open strings satisfying Dirichlet boundary conditions for the directions transverse to the brane, and Neumann for the rest, Configurations of branes at angles have been studied both in string and M theory [2] , and also from the ten and eleven dimensional supergravity point of view [3, 4, 5] . Many aspects of these rotated branes systems have been considered, but probably their string theoretic descriptions and the related conserved supercharges are the most interesting. For instance, it has been shown that Dp-branes at different angles preserve different fractions of the 32 supercharges of type II theories, and they have been classified accordingly [2, 6, 7] .
In the string theoretic description of two Dp-branes which are rotated with respect to where πθ is the angle between two D-branes, and 0 ≤ θ ≤ 1.
As discussed in [7] , we can study the interaction and the conserved supercharges of these branes at angles directly from the above boundary conditions. It is straightforward to generalize the above arguments for some more complicated rotations. For two Dp-branes (p ≤ 4) the most general rotation should be in SO(2p). However, because of the internal rotational symmetry of the branes all of these rotations are not physically different. To find the unequal rotations we should mod out SO(p) × SO(p) subgroup, where each of the SO(p)'s corresponds to one of the branes. Therefore the most general and physically different rotations are sitting in
(which is a symmetric space and hence has a rigid holonomy). For the cases with p > 4, because our space-time is 9+1 dimensional the most general rotations are those given by SO(2(9−p)) SO(9−p)×SO (9−p) . On the other hand, D-branes have also been extensively employed as probes, using the fact that the gauge theory on a D-brane probe reproduces the spacetime in which it is embedded as its moduli space of vacua [8] . They then naturally provide a rich geometrical frame to study orbifold singularities and their desingularisation. D-branes on (complex) two dimensional ALE spaces were originally studied in [9, 10] , and then extended to the resolution of three [11] or four dimensional [12] orbifold singularities. String theory on an orbifold M/Γ is constructed including the twisted string sectors in the theory, and projecting them on Γ invariant states. The case of closed strings is simpler, because the twisted sectors are closed, up to an element of the discrete group, Γ. However, for open strings the twisted sectors will start, and end, on D-branes, which will be identified once the projection is implemented.
1 The boundary conditions for the worldsheet fermions in the R sector, ψ µ + and ψ µ − , can be simply obtained from the worldsheet supersymmetry transformation δX µ =ǭX µ , whereǭ is a two dimensional fermion defined on the worldsheet.
Then, choosing a definite representation of Γ in order to define the action on the ChanPaton indices, and specifying the action of the discrete group on the manifold M, will completely determine the theory on the D-brane probing the M/Γ singularity. If M is chosen to be C d , the bosonic projection equations to be solved will be
where Z α are the complex fields describing C d , so that α = 1, . . . , d, and γ(g i ) is the action of the orbifold group in some representation, with i = 1, . . . , |Γ|. R(g i ), the action on spacetime, can be deduced geometrically: if points in the worldvolume, for instance, are preserved by g, so that z → z ′ , then R will act on scalar fields as (R(g)φ)(z) = φ(gz), on
in the vector representation, and so on. As the action is geometric, supersymmetries which are singlets under Γ are preserved, so that if Γ is considered a reduced holonomy group, there is a correspondence between Γ and the usual amount of unbroken supersymmetries.
In terms of the σ-th irreducible representation of Γ, γ σ , we can split γ into N σ copies, γ = ⊕ n σ=1 N σ γ σ , so that the gauge group of the D-brane theory will be the commutant of γ in U(N),
gauge theory. The matter content is obtained from the action of R(g i ) on the representation ring, 5) so that there will be N σρ bifundamentals in the representation (N σ ,N ρ ).
The aim of this paper is to show, using equality of the boundary conditions on both configurations, that the description of D-branes probing an orbifold singularity coincides with that of two D-branes at angles, with a precise translation of the twisted and untwisted sectors on both points of view. In fact, the correspondence we propose is even able to reproduce, from the physical point of view of branes at angles, many of the mathematical features of complex manifolds. For instance, it is well-known that Riemannian manifolds can be classified by considerations on their holonomy. Thus, if our Riemannian manifold X is orientable (and dim R = 2n), then it is known that the holonomy groups of it can be classified according to the correspondence [13] hol(X) ⊆ U(n) ⇔ X is Kähler, hol(X) ⊆ SU(n) ⇔ X is Ricci-flat and Kähler, i.e., it is Calabi-Yau,
), a hyperKähler manifold is always also a Ricci-flat Kähler manifold.) Of course what is being classified here is the holonomy representation. Moreover, this also tells us the number of covariantly conserved spinors and differential forms that X admits, which in our string theory context is a crucial information required to determine the number of supersymmetries of the theory (upon compactification). Thus, for example, Calabi-Yau, hyper-Kähler, G 2 or Spin(7) manifolds (with respective holonomies in SU(n) with n≥ 3,
, all admit covariantly conserved spinors, whereas a general Riemannian manifold with holonomy SO(n) in R 2n , or a Kähler manifold with holonomy U(n) in R 2n , or a quarternionic Kähler manifold with holonomy Sp(n) × Sp(1)/Z 2 in R 4n , do not admit any covariant constant spinor at all. A useful theorem states that every compact, oriented Riemannian manifold admits a finite (unramified) cover, which can be decomposed as a product of a flat torus and a collection of manifolds with irreducible holonomy representations. This will be the aditional ingredient needed to understand the holonomy of compactification manifolds from the point of view of branes at angles.
The observation that branes at several angles and branes at an orbifold describe the same physics, from the string theory point of view, is stated in section 2, where the equivalence, besides the boundary conditions, is also shown through equality of the GSO projection which implies the identity of the partition function for branes at angles, and a single D-brane at an orbifold singularity. We will show that this equivalence is exact when we consider the compact cases. In the compact case for two rotated branes, the condition of having a brane system with finite energy implies that brane should be wrapped around closed cycles of the manifold and hence, the corresponding rotation angle is restricted to some integer values.
In section 3 we will explicitly exhibit the correspondence between two dimensional compact complex orbifolds and branes rotated at two angles. As discussed in [2, 7] , this is the simplest system of the rotated branes which with some special rotation angles, can preserve some supersymmetry, namely 8 supercharges. We will show that the branes at these special angles, when wrapped around T 4 , realize branes wrapped on two cycles of a K3 after blowing up the singularity. In particular we will discuss elliptically fibered K3 surfaces with singular structure of ADE type, and build a precise correspondence between the brane rotation parameters and the holonomy of K3.
In section 4 we consider more general rotations, those described by 3 and 4 angles, and present again the same correspondence between branes at angles wrapping around some cycles of T 6 and T 8 , and branes wound around cycles in compact threefolds and fourfolds.
We discuss the holonomy structure of these manifolds in the light of this correspondence.
For the 4-fold case we also consider some special subgroups of SU (4) holonomy, i.e., Sp (2) and Sp (1)×Sp (1). The significance of these special cases is that the number of preserved supersymmetries is not 1 16 (of 32 supercharges) but, , respectively.
Some special cases of the proposal we present in this paper have been previously discussed in [14, 15] .
D-Branes at Angles and Orbifolds: The Equivalence
The simplest configuration of rotated branes that can be considered is that of two branes rotated with respect to each other at an angle. Many of the physical features of the more general cases of branes at several angles, which we will consider in the following sections, are already present in this simpler configuration; then to state in detail the equivalence between D-pbranes at angles and D-pbranes sitting at orbifolds, in this section we will first consider two D-pbranes which make an angle in the plane determined by directions (p, p + 1). Thus the second brane is like the first one but it is rotated by the angle πθ in the (p, p + 1)-plane.
The boundary conditions for the X µ are then those given in the introduction, in expression
To show the equivalence with some orbifolding in the (p, p+1) plane it is more convenient to introduce the complex coordinate
Then, the boundary conditions describing a D-pbrane along 012...p in terms of Z are
Now let us introduce the orbifolding condition for C/Z N ,
This orbifolding implies that to describe the D-pbrane sitting at the orbifold singularity, besides condition (2.2), we should also consider , where now m = 0, . . . , N − 1. The identity of these two sets of conditions is at the root of the equivalence between branes at angles and branes at orbifolds. However, to state the equivalence, we should also exhibit the identity of the partition functions of both cases. We will work this in some detail for the (complex) one dimensional case in this section. For the sake of certainty, we will simply consider explicitly one of these N branes, so that we will set m = 1.
The generalisation of all arguments to the remaining values of m are evident.
The mode expansions obtained from these boundary conditions are the same as those obtained for mixed Dirichlet and Neumann conditions, except in the (p, p + 1) plane, where the modes really look like twisted string modes [16] ,
where n ± stands for n ± θ 2 . In terms of the complex coordinate, Z, the mode expansions of the rotated plane become
Similarly, the worldsheet fermion boundary conditions lead to the usual mode expansions, except for the p and p + 1 components, where the modes look again like twisted string modes with indices ranging over Z ± θ. For the R sector [16] ,
The NS sector can be obtained replacing n ± by r ± , where now r ± is defined in Z + 1/2, and d by b. Once we insert the commutation
and anticommutation
relations of the twisted operators, the corresponding mass spectrum for the R sector becomes 11) where
The oscillator part in the NS sector is the same as that for the R sector, with d replaced by b, n ± by r ± , and with the ordering constant equal 1/2. Let us stress the fact that the ordering constant does not depend on θ in either case.
The GSO projection
14)
will, as usual, remove tachyons from the closed string channel. Then, GSO suggests that the NS contribution must be subtracted from the R contribution.
The partition function for the twisted open strings is hence [16] A(θ) = Tre 
However, this partition function is precisely the one for a set of branes sitting at an orbifold singularity of C/Γ type (see, for instance, the appendix in [17] for an account and notation on the orbifold side). This equivalence becomes exact when we consider the compact case and we impose the extra requirement of finite energy: for a system of rotated branes, finite energy of the configuration requires the whole system of coordinates at angles to be wrapped on the cycles of some T 2 torus, which restricts the allowed values of the angle to a discrete set of values, namely . This discussion also applies to the two, three and four dimensional cases of the following sections, with the obvious extensions to higher dimension.
D-Branes at Two Angles and KSurfaces
Systems of D-pbranes preserving some unbroken supersymmetry require configurations with branes at more than two angles. In this section we will exhibit the equivalence of branes at two angles and branes at two dimensional compact complex orbifolds. However, as considerations for unbroken supersymmetry on branes at more than two angles can be stated quite generally, we will first review the conditions for the case of branes at some number p ≥ 2 of angles. In general, if we consider two D-pbranes, one of them with worldvolume located along the 01...p directions, and the second rotated with respect to it, for p < 5 the most general case can be described through p angles (θ 1 , θ 2 , ..., θ p ) (0 ≤ θ i ≤ π), which show the Abelian rotations in U(p) which is a subspace of
rotation group, so that every θ i , with 1 ≤ i ≤ p, corresponds to a rotation in the (i, 1 + i) plane.
These branes can be introduced through rotated boundary conditions on open strings ending on each brane [7] ,
Then, for two D-2branes the most general case is that of two angles; similarly, for D3branes and D-4branes the most general cases are, respectively, those of three and four angles. For p ≥ 5, the most general case is described by (9 − p) angles, and again all the arguments on D-pbranes hold for (9 − p), so that the most general case is governed by min(p, 9 − p) angles.
However, for branes at angles the usual constraints for unbroken supersymmetry must be adapted to the geometry of the configuration. A single Dp-brane whose worldvolume is contained along the 012 . . . p direction preserves 1 2 of the 32 supercharges of type II string theory, which is the solution to the equation
where ǫ L , ǫ R are left and right moving spinors of type II theories and + and − signs correspond to the type IIB and IIA branes, respectively.
For rotated branes, we should modify the first of these constraints to
so that spinors ǫ L satisfying both (3.3) and (3.4) will determine the fraction of supersymmetry which is preserved. For U(p) rotations of SO(2p),
so that (3.4) can be replaced by
A simultaneous solution of (3.3) and (3.6) determines the number of supersymmetries which are preserved. The spinors satisfying these conditions can be understood as the Killing spinors of the compact manifold, determining then the amount of supersymmetry left after compactification.
D-Branes at Two Angles
Now, we will apply in detail the above conditions to the case of two D-pbranes at two angles. We will choose the worldvolume of these two branes to lie along the 013 . . . p and 01 ′ 3 ′ . . . p directions, where by 1 ′ we mean a rotated direction contained in the (1, 2) plane, and by 3 ′ a rotated direction in the (3, 4) plane, so that the two rotations will be contained in the 1234 directions. The rotation group SO(4) SO(2)×SO (2) is the isometry group of the four dimensional 1234 space, modded out by the rotational symmetry of each of the branes. We will choose a representation for this group using ten dimensional Dirac gamma matrices, Γ i .
As (Γ ij ) 2 = −1, Γ ij can be chosen as the generator of rotations in the (i, j) plane, so that
will be the set of generators of SO (4), if the SO(2) rotational symmetries of each of the D-branes are generated by Γ 13 and Γ 24 . Then, the most general rotation R 2 can be written
An explicit form of this rotation matrix can be constructed using that Γ 12 Γ 34 = Γ 34 Γ 12 , so that they can be used as a basis for U(1) × U(1). A choice for them is then
where by 1 D we denote D dimensional identity matrices.
However, not all possible rotations preserve some unbroken supersymmetry. Using the representation (3.9) it is immediate to realize that to satisfy
As every individual brane preserves 1 2 unbroken supersymmetry, the total configuration will preserve 1 4 unbroken supersymmetry. Besides, as a consequence of condition (3.10), the U(2) rotation group is reduced to SU(2) which is the holonomy group of a K3 surface.
Again, compactification of the four directions involved in the rotation in some T 4 is required to ensure finite energy, with the rotated directions of the branes wrapped along the 2-cycles in the torus. This condition, as in section 2, restricts the allowed values of the rotation angles to a discrete set.
Elliptically Fibered K3 Surfaces
We shall consider a family X of K3 surfaces, and in particular the elliptically fibered ones (for a review, see [18] ). Thus we specialise in the case where π : X→B, where π is a proper and connected holomorphic map, and the base B ≡ IP 1 , such that the generic fiber
for b ∈ IP 1 is a smooth, connected curve of genus one. We shall also need to assume, in general, that the above fibration has a section. We shall later consider a Weierstrass model for this elliptic curve. The possible singularities of such an elliptic K3 surface are known to be completely classified by the ADE singularities.
We shall consider orbifolds of the type C 2 /Γ, where Γ is some discrete subgroup of SU (2) which leaves the holomorphic 2-form dz 1 ∧dz 2 invariant (where (z 1 , z 2 )∈C 2 ). Such a quotient can always be embedded as a hypersurface in C 3 -which may thereafter be blown-up to
give a smooth manifold. Thus, for example, in the A N case, we can see that each such point in C 3 is analytically isomorphic to the germ of the singularity,
which is generated by 
now generated by 14) where now β = exp(
πi N
).
The resolution X−→ X replaces each of those points with a collection of rational curves (i.e., curves with self-intersection -2). Let X be a K3 surface and D a divisor on X. Then, if D 2 = 0, and D is effective and irreducible, then H 0 (X, O X (D)) defines a map X→ IP 1 whose generic fiber is an elliptic curve. Thus, a K3 surface admits an elliptic fibration whenever its Picard number is ≥ 5. We shall assume that this condition is always satisfied in our cases. We shall also assume that our fibrations always have a section. The K3 surfaces will be allowed to have some singular points called rational or double points (these are simple singularities), which can be resolved using these branes at angles.
In the branes at angles picture, one of the branes is actually wrapping around the IP 1 and the other, which is rotated with respect to the first, around the T 2 . In the correspondence we have already stated, the SU(2) holonomy structure of the K3 is exactly generated by the allowed SU(2) rotation group 3 . In particular, the details of the singular structure of K3
can be obtained from the subgroups of the SU(2) rotations. For A N −1 cases, it is enough to consider a general rotation as (3.8), constrained to (3.10). In terms of the conventions we have already introduced, the explicit form of the rotation matrix is
The two 1 4 factors just show that half of the supersymmetry is preserved; the rest of the rotation matrix is actually a subgroup of the SU(2). Upon compactification, the rotation angle θ is restricted to 2 N , where n is an arbitrary integer. But these are precisely the generators of the A N −1 singularities, so that we reproduce (3.12).
The generator of D N singularities can be obtained from the same rotation as (3.12),
but in this case we should add another brane, which is rotated by π in the 23 plane. The related rotation matrix, in our notation, is exactly the extra generator of the D N singularity.
Moreover, due to this extra brane, the compactification condition is modified to (we remind that we are using πθ as the rotation angle)
Hence, the allowed rotations are those corresponding to even values of N.
The case of E singularities can also be constructed along the same lines, but this time through some more complicated SU(2) rotations.
The other interesting issue of branes sitting at C 2 /Γ orbifolds are the so-called fractional branes, which are branes carrying fractional RR charge [19, 9, 20] . When D-pbranes are 3 The allowed set of rotations are those preserving some supersymmetry.
used to probe the geometry of an orbifold singularity, both from the spacetime and the gauge theory on the worldvolume of the D-brane probes points of view, two types of different states will arise. States describing the Higgs branch simply correspond to the original Dpbranes, and are allowed to move about the singularity. However, the theory also contains a Coulomb branch, parametrized by the expectation values of the scalar fields in the vector multiplet, while with the value of Z i set to zero. This branch corresponds to stuck states at the fixed point of the orbifold. These states are the fractional branes. Geometrically, these states can be understood, when the singularity is resolved, as D-(p + 2) branes wrapping the exceptional 2-cycles arising from the resolution of the singularity. Through an open string disk computation, these states can be shown to carry fractional charge under the untwisted, as well as twisted RR fields [9, 20] . In correspondence with our branes at angles picture, this fractional RR charge can be understood in an intuitive way. From the orbifold condition, 
D-Branes at More Than Two Angles
In this section we will consider the more general cases of D-branes at three or four angles, wrapped respectively around the cycles of some T 6 or T 8 , and prove their equivalence to branes winding around cycles in singular threefolds and fourfolds. Both analysis are straightforward generalisations of previous sections; however, as in the fourfold case a number of novelties arise, we will consider them separately.
D-Branes at Three Angles and Compact Threefolds
Following section 3, we will now consider the case of two D-pbranes at three angles. As already stated, the boundary conditions (3.1) and (3.2) show that, for three angles, the dimension of the branes should be, at least, three. We will then choose the worldvolume of one of these D-pbranes, with p ≥ 3, to lie along the 0135 . . . p direction, while that of the other brane to be located along 01 will be generally written in terms of
where Γ 12 and Γ 34 are as in (3.9), while now
with now 1 2 the two dimensional identity matrix. Now, having some unbroken supersymmetry will require
If this condition is satisfied, the unbroken supersymmetry fraction will be 1 8 . Moreover imposing this condition reduces the U(3) ≃ SO(6) SO(3)×SO (3) to SU(3) subgroup. Now, we will choose a Calabi-Yau threefold X, with the additional asumption that b 1 (X) = 0, so that X admits a K3 fibration. We shall also need to assume that X is algebraic, and call ρ(X) = h 1,1 (X). If we also require h 1,1 (X) ≥ 2 we will have a fibration π : X→IP 1 with the generic fiber being a K3 surface. We shall further require the above fibration to have a section and, moreover, the K3 should itself admit an elliptic fibration.
This fibration must necessarily degenerate at a finite number of points over the base IP 1 in order to make X a threefold (in general, this degeneration may not be some degenerate limit of the K3). In the non-compact case, we shall consider orbifolds of the form C 3 /Γ where now Γ ⊂ Z N ⊂ SU (3) . For N odd, it is known that C 3 /Γ has isolated singularities, which can be resolved to give smooth spaces. Our constructions easily apply for these cases of 3-folds with isolated singularities.
In the rotated brane picture, if we consider K3 fibered Calabi-Yau threefolds, we can build again the explicit form of the generators of the singularity structure and the SU (3) rotation group. More precisely, the SU(3) holonomy structure of the threefold can be realized by the SU(3) rotation group. Finally we would like to point out that a complex threefold X with a SU(2) holonomy must necessarily be isometric to K3×T 2 , or a quotient of it. In the rotated brane picture, this case corresponds to setting one of the rotation angles to zero, and hence apparently this case reduces to the case of two angles, which as we have discussed is given by K3 × T 2 .
D-Branes at Four Angles and Fourfolds
The last and most general case of rotated branes is that in which 8 directions of the 9+1 dimensional space-time are involved. Since the number of spacetime dimensions is ten, only D4-and D5-branes are the relevant branes in this case. Let us for certainty consider the four-branes case and choose the worldvolume of one of them along 01357, and place the other brane along 01
as before, 7 ′ shows a direction in the (7, 8) plane. Following the lines of [7] , the partition function for the twisted open string sector, 4) where V 1 is the volume of the time direction (which is the only common one), now requires NS and R to be given by
It is worth noting that the related partition function of one, two and three angles cases can be obtained from (4.4) simply by setting three, two or one of the θ i 's to zero. Furthermore, we should note that now the R sector, unlike the previous cases, contains two terms, the second of which is a constant number (it is θ independent). Physically this is related to the fact that in this case one can distinguish whether the branes are sitting in the back or in the front side of each other, so that when we cross these branes through each other, due to this extra term in R sector, there is an open string created in between [21] . From the brane worldvolume theory point of view, the open strings stretched between these branes form a chiral hypermultiplet, unlike all the other cases (which are all non-chiral). More precisely, if we consider two types of IIB D-5branes which are rotated at four angles, the common worldvolume will be restricted to a 1 + 1 dimensional space, where we have a (0, 2) field theory. Similar features have already been addressed in [12] for the fourfold compactification.
The most general possible rotation in the case of four angles is SO(8) SO(4)×SO (4) ≃ U(4) and hence the most general abelian rotation through this U(4), (U(1)) 4 , is generated by
where if we use the previous conventions for Γ 12 , Γ 34 and Γ 56 , since Γ 78 is also commuting with them, we have
The unbroken supersymmetry condition, (3.6), now implies that
With the above condition, one can show that, in general, the fraction of unbroken supersymmetry is 1 16 . However, there are some special cases which preserve some more supersymmetry.
For the sake of certainty, let us choose signs in (4.9) as
From the fourfold compactification point of view, the above result means that in general the SU(4) holonomy allows only 1 16 supersymmetries. However, it is known that the corresponding fourfold cannot be fully resolved to give a four dimensional Calabi-Yau manifold, as in [12] .
In special cases when the fourfold has SU(3) holonomy, the above brane theoretic considerations lead us to conclude that the fourfold is of the form CY 3 × T 2 . Evidence for this is that in the above picture this situation corresponds to the case when one of the angles is set to zero, so that we are namely dealing with a case of branes at three angles, leaving us with 1 8 of supersymmetry. And there is yet the possibility that the holonomy is restricted to SU(2); then, similar arguments lead us to expect that the fourfold is of the form K3 × T 4 .
Another interesting case arises when we take
. For this configuration, it is an easy task to show that the number of preserved supersymmetries is 3 16 . In this special case the (4.7) matrix is restricted to the Sp(2) subgroup of the SU(4) rotation group.
But when the holonomy of the fourfold is ⊂ Sp(2), the fourfold is hyper-Kähler which admits the same fraction of the supersymmetry, while if the holonomy is ⊂ Sp(2)×Sp(1)/Z 2 , then the fourfold is quaternionic Kähler.
For another special case,
, the number of unbroken supersymmetries is 4 16 , and the related rotation matrix is sitting in the Sp(1) × Sp(1) subgroup of SU(4).
In the non-compact case, we consider fourfolds of the form C 4 /Γ. When the group Γ is cyclic, the singularity is terminal, which singles out the freely acting Γ ⊂ SU(2)×SU(2). In fact any such group is generated by diag(e
k , e 2πia k , e −2πia k ) for some relatively prime integers a and k. In general, it is well-known that when Γ is a discrete subgroup of SU (4) (isomorphic to some Z n ), then the quotient space C 4 /Γ in general does not have a CY 4 resolution unless they admit crepant blow-ups. Moreover the fourfold may admit some crepant blow-ups, but still not full resolution. In these cases, even after the maximal crepant (partial) resolution, there still remains terminal singularities in the model. Unfortunately, all these singularities have neither complex structure deformation nor Calabi-Yau resolutions.
Discussion and Remarks
In this paper we have shown that a system of branes at angles has the same string theoretic description as a brane sitting at an orbifold singularity. We stated this equivalence by studying the open strings attached to the rotated brane system on one hand, and those of branes at angles on the other. In this way we explicitly identified the twisted and untwisted sectors and showed that the mode expansion and the GSO projection, and hence the partition function, of both systems are exactly the same, provided that we restrict the rotation angles to some proper discrete values, namely for branes at C/Z N orbifold this rotation angle should be 2π N . This restriction is quite natural if we compactify our rotated branes system on some tori.
We used the above equivalence to resolve the orbifold singularities for branes sitting there. In particular, we considered elliptically fibered K3 surfaces, and three and fourfolds.
We discussed that the holonomy structure of these complex manifolds can be realized as the "allowed" rotation group in the branes at angles picture. The allowed set of rotations are those which preserve some supersymmetry, in other words these are the rotations under which the Killing spinors are rotated among each other and hence the related symmetry shows the holonomy structure of the corresponding complex manifold.
The other interesting feature of branes at orbifold singularities is the fractional RR charges. In the brane at angles picture, for the particular case of C . The correspondence can probably be used to clarify the origin of the fractional charge in the much more subtle higher dimensional cases, where so far there is the need to involve the boundary state formalism [17] .
By means of our rotated brane system, we have tried to provide more intuitive support for some mathematical statements about the fibered three and fourfolds. In particular, for the fourfold case there are some special cases where the holonomy is a subgroup of SU(4), Sp(2) and Sp(1) × Sp(1). For the Sp(2) case 3 16 of supersymmetry is preserved, i.e., the 4-fold is hyper-Kähler.
In the present paper, we have only considered rotated branes with the same dimensions, p, and hence we faced the grassmanian
SO(2p) SO(p)×SO(p)
. A natural extension of this work is considering branes with different dimensions, say q and p. In this case, we will find the symmetric space SO(p+q) SO(p) ×SO(q) as the set of most general rotations.
